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Abstract 



We point out the existence of some simple string solitons in AdS$ x 
S 5 , which at the same time are spinning in AdS§ and pulsating in 
S 5 , or vice- versa. This introduces an additional arbitrary constant 
into the scaling relations between energy and spin or R-charge. The 
arbitrary constant is not an angular momentum, but can be related to 
the amplitude of the pulsation. We discuss the solutions in detail and 
consider the scaling relations. Pulsating multi spin or multi R-charge 
solutions can also be constructed. 
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1 Introduction 



Recent progress in understanding the conjectured duality [U 13 El between 
super string theory on AdS$ x S 5 and Af = 4 SU(N) super Yang-Mills theory 
in Minkowski space is based on scaling relations between energy and angular 
momentum for straight spinning strings |H El El HI El El CHI ED E21 EH EH 

ESI- Circular pulsating strings have also been analysed in some detail 
jH ED] • Even more recently, multi spin and multi R-charge solutions were 
constructed [UJ El EH] and classified [201 EH- 

The geometry of Anti de Sitter space profoundly alters the properties 
of strings, as compared to Minkowski space. For instance, for a straight 
spinning string in Anti de Sitter space [22] > the energy scales with the angular 
momentum, while in Minkowski space it scales with the square root of the 
angular momentum. Similarly, for a circular pulsating string in Anti de 
Sitter space [22, the energy scales with the square of the amplitude, while 
in Minkowski space it scales with the amplitude (the amplitude is of course 
not a coordinate- invariant, but the maximal circumference is). 

Comparison with Yang-Mills computations (see for instance [2*41 [23 EHl 
1271 |28J) is based on detailed analysis of the sub leading terms in the scaling 
relations. It is therefore of impotance to search for general families of strings 
for which it is still possible to obtain analytical results. In the present paper, 
we explicitly construct new families of string solitons in AdS$ x S 5 . Our 
strings are straight and spinning in one direction but circular and pulsating 
in another, and with a non-trivial coupling between the two. Pulsating multi 
spin solutions are also constructed. In each case, we obtain the explicit 
solutions in terms of elliptic functions, analyse the scaling relations in various 
limits, and compare with previously known results. We note in passing that 
our solutions fall outside the classification of [23 EH] 

The paper is organised as follows: In Section 2, we set our notation 
and conventions, and derive and analyse the solutions which are spinning in 
AdS 5 but pulsating in S 5 . Section 3 is devoted to the "opposite" situation, i.e. 
pulsating in AdS$ but spinning in S 5 . In Section 4, we take the simplest multi 
spin solution [T7j and generalise it to be pulsating in S 5 . Finally in Section 
5, we present our conclusions and we suggest some further investigations in 
these directions. 
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2 Spinning in AdS$ but Pulsating in S 5 

We take the AdS$ x S 5 line-element in the form 

ds 2 = -(1 + H 2 r 2 )dt 2 + dr \ - + r 2 (d(3 2 + sin 2 (3d(j) 2 + cos 2 (3dft) 

1 + H 2 r 2 

+ H- 2 [dQ 2 + sin 2 6dip 2 + cos 2 Q(di\)\ + sin 2 ^i#2 + cos 2 ^i# 2 )$.l) 

where H~ l is the scale of AdS 5 and the radius of S 5 . The 't Hooft coupling 
in this notation is A = (H 2 a')~ 2 . 

The string which is straight and spinning in AdS$ but circular and pul- 
sating in S 5 , is obtained by the ansatz 

t = t(r), r = r(er), f3 = tt/2, <\> = ujt, = 0(t), V = ° ( 2 -2) 

with the remaining coordinates being arbitrary constants. 

The t-equation is solved by t = cqt, and then the r and 6 equations 
become 

r" - , - H 2 c 2 (l + H 2 r 2 )r + lu 2 (1 + H 2 r 2 )r = (2.3) 
1 + H z r z 

+ sin0cos0 = O (2.4) 
while the non-trivial conformal gauge constraint is 

H 2 r' 2 



1 + H 2 r 2 



+ 6 2 - # 2 c 2 (l + H 2 r 2 ) + H 2 r 2 uo 2 + sin 2 = (2.5) 



Notice that Eq. (J2.5j) involves r and a derivatives. However, everything is 
consistently solved by 

c cosa ( l~, ., . •> , iJ 2 CQCos 2 a 



^ 2 - H 2 c 2 



( n tt2 2 • 2 | H 2 c 2 Q cos 2 a \ 
cnjy^-i^sm ao -1^^2-2^)2-6) 



■ a( \ / -ffc sin a sn(r|iJ 2 CQ sin 2 a ) , -ffc sin a < 1 /„ 

^ ' 1 sn(i7c sino;o'r|l/(f/" 2 Cosin 2 a;o)) , ifc sin a > 1 ' 



where «o is an integration constant. In the first case of Eq. (|2.7J) the string os- 
cillates around one of the poles, while in the second case it oscillates between 
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the two poles. In the limiting case, Hc sin a = 1, it oscillates between a 
pole and the equator. To ensure that r(a) is periodic, we have the condition 



2 7 r v /^-^sin 2 a = 4 K ( f^f * ) (2.8) 
v \ur — H z Cq sm an/ 

where K is a complete elliptic integral. 

The solution (|2.6j) - f)2.7|) is parametrised by (c ,uj,a ), of which one is 
fixed by Eq. ()2.8|) . It is convenient to trade the two remaining parameters for 

A = Hc sin a Q (2.9) 



H Cn COS an 

B = ; = " 2.10 

A is the amplitude of sin#(r), while B is the extension of Hr(a). Actually, 
A can only be interpreted as the amplitude as long as Hc sma < 1, but 
since the solution for 8(t) is defined for any Hcnsinan, we also define the 
amplitude for any Hc sma . Now (|2.8|) - (|2.1(J|) leads to 



vrAVl + B 2 

tana = , R2 . (2-H) 

2BK (^) 

It is straightforward to compute the conserved energy and spin (the R-charge 
is zero). In the present parametrisation, they are 



= ~T7/^y 17^5f \TTb^ I (2 - 12) 



Now we can consider the short strings in AdS 5 corresponding to B « 1. 
We get 

E « -I-VS 2 + A 2 (2.14) 
1 
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such that 

A 2 9<? 
H 2 a' VTTA 2 

For A 0, corresponding to small oscillations near one of the poles of S 5 , 

we get 

a'E 2 « 25 (2.17) 

as in Minkowski space. For Ami, corresponding to oscillations between a 
pole and the equator of S n , we get 

while for A » 1, corresponding to high frequency oscillations between the 
poles of S 5 , we get 

E "">m* + T> (219) 

and the energy is now completely dominated by the contribution from the 
oscillations. 

For B » 1, corresponding to long strings in AdS$, we get 



E « _A^fs 2 + ilogsV/l + ^^- (2-20) 
7T#a' V 2 yV 4 log 2 5 



5 w — ^— (B 2 -^logB) Jl+ ^f* (2.21) 
7r# 2 a' V 2 6 / V 41ok 2 5 V ; 



such that 



E/H-S^ — — a/4 log z B + n 2 A 2 (2.22) 
where B = B(S, A) is the solution of 



25 2 / 7T 2 A 2 



irH 2 a' \/ 4 log 2 5 



(2.23) 



If the logarithm dominates over A in Eq. (|2.23|) . we have 



» ixH 2 a'S 
B 2 « (2.24) 



such that 



n/rr „ 1 . ,-kH 2 o!S. tvA 2 , onr . 

This formula is valid for arbitrary A, provided that A « log(H 2 a'S), in 
particular, it holds for A pa and A ~ 1. If A dominates over the logarithm 
in Eq. (j2.23|) . we have instead 



B 2 H 2 a'S 



log B A 

such that 



(2.26) 



which holds for A >> log(H 2 a'S). 

It is interesting that ()2.25|) and ()2.27|) are formally quite similar to the 
results obtained by Russo [7j if we replace the amplitude A with the shifted 
R-charge H 2 a'J + 2/7i. But the physics is of course completely different here. 



3 Spinning in S 5 but Pulsating in AdS$ 

We now consider a string which is spinning in S 5 but circular and pulsating 
in AdS$. It is obtained by the ansatz 

t = t{r), r = r(r), /3 = tt/2, = a, 9 = 9(a), = vt (3.1) 

with the remaining coordinates being arbitrary constants. 
The t-equation can be integrated to 

1 = TTh? < 3 - 2) 

and then the r and 9 equations become 

^ " if^ + if^ + (1 + (3-3) 
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fl ,/ + z/ 2 sinflcosfl = (3.4) 
while the non-trivial conformal gauge constraint is 



ZT2 -2 o-2„2 

+ & - n zS 9 + # V + " 2 ^n 2 = (3.5) 



l + if 2 r 2 1 + H 2 r 2 

Again, the constraint mixes r and a derivatives, but the solution is easily 
obtained as 

r ( r ) = h73 (V(l + H 2 c 2 Q sin 2 a ) 2 + 4# 2 c 2 cos 2 a - (1 + ^c 2 , sin 2 a )) ^ 
xcn (((1 + H 2 cl sin 2 a ) 2 + 4# 2 c 2 cos 2 a ) 1/4 r|m) (3.6) 

. #c sina / .i?" 2 ^ sin 2 a \ , 

smV(a) = sn vo\ ^—z (3.7) 

v \ v l J 

where the elliptic parameter of the r-expression is 

1 1 + H 2 c 2 sin 2 a 

m = ; 3.8 

2 2 + H 2 c 2 sin 2 a ) 2 + AH 2 c 2 cos 2 a 

Eq. ()3.2)l can now be integrated in terms of an elliptic integral of the third 
kind, but we shall not need the explicit expression. The solution (j3.7j) is 
valid for Hcq sin «o < v. There is another solution for Hcq sin «o > v but 
it is believed to be unstable [I] so we shall not consider it here. To ensure 
periodicity of 9(a), we have the condition 

/ H 2 Cn sin 2 a \ ,„ . 

2nu = AK[ °— -J (3.9) 

As in the previous section, it is convenient to trade the two remaining pa- 
rameters (say Co and «o) for two new ones 



A = -j= (yf(l + H 2 c 2 sin 2 a ) 2 + 4H 2 c 2 cos 2 a - (1 + H 2 c 2 sin 2 a )^ 



1/2 



(3.10) 
„ Hcq sin a 

B = — — (3.11) 
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such that A is the amplitude of Hr(r) while B is the extension of sin#(cr). 
As noted in the introduction, the amplitude is coordinate dependent. A 
coordinate invariant measure of the oscillations is given by the maximal cir- 
cumference. This is precisely our A, up to a factor of 2n. 

A straightforward computation gives the energy and R-charge in this 
parametrisation (the spin is zero) 



1 / / AB 2 \ AB 2 



J=^(K(B 2 )-E(B>)) (3.13) 

First consider short strings in S 5 corresponding to B « 1 

E w -i- ^A 2 (A 2 + 1 + B 2 ) + B 2 (3.14) 
Ha 



such that 



E pa j^V A2 (A 2 + l + 2H 2 a'J) + 2H 2 a'J (3.16) 
For A pa we get 

a'E 2 pa 2J (3.17) 
which is like in Minkowski space. For A » 1 we get 

such that the energy is completely dominated by the pulsation, E ~ A 2 . 

Now consider long strings in S 5 ('long' meaning extending almost down 
to the equator) corresponding to B pa 1 
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such that 



E^-^-Ja 2 ( A 2 + 1 + \{tx H 2 a' J + 2f\ + L(nH 2 a'J + 2y (3.21) 
Ha' V V 71 J 71 



For A « we get 

For A >> 1 we must distinguish between different cases. If A >> H 2 a'J we 
get 

E/H « ^ + itf VJ 2 (3.23) 



If A << ifVJ we get 



43 

E/H ^AJ+ —=- (3.24) 

7 2H A a' 2 J V 7 



The scaling relations obtained here are, to our knowledge, completely new. 
They generalise the ones of Gubser, Klebanov and Polyakov [I] and supple- 
ment the ones of Russo [Zj . 



4 Pulsating Multi Spin Solutions 

Multi spin and multi R-charge solutions were recently obtained by Tseytlin 
and Frolov [El [TBI EH] • Such solutions can easily be combined with pulsation. 
Here we take for simplicity the simplest 2 spin solution in AdS 5 and couple 
it with pulsation in S 5 . The ansatz is 

t = c t, r = r = const., /3 = a, <p = lot, (f> = ur, 9 = 9(r), tp = a 

(4.1) 

with the remaining coordinates being constants. This is a circular string 
in AdS§ spinning in two different directions. It is also a circle in S 5 , but 
pulsating there. 
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The r and 9 equations become 

uj 2 = 1 + H 2 c 2 (4.2) 

+ sin0cos0 = O (4.3) 
while the non-trivial conformal gauge constraint is 

9 2 + sin 2 6 - H 2 c 2 (l + H 2 r 2 ) + H 2 r 2 (l + uj 2 ) = (4.4) 

The equation and constraint are solved by 

. . , f Asn(rU 2 ) , A < 1 

8111 ^ = (sn(l|lM 2 ), A>1 (45) 

where 



A = Hy]<% - 2r 2 (4.6) 

with the same interpretation as in Section 2. The energy E and the 2 spins 
Si — S 2 = S are easily computed 

(l + jJ 2 r V2iPrg + ^ 

^ = H^' (4 ' 7) 

2 

5 = ^2r 2 H* + A* + l (4.8) 
For short strings (say Hr « 1) we get 

S M ^^(l + J^i.) (4.9) 



such that 



„ 2 2ffVS 4ffV 2 S 2 , 11n , 

ff r » K 7FTT - (^W (410) 



which inserted into E gives 



AS 1 / 2#VS AH A a' 2 S 2 \ AH 2 a'S 8H 4 a' 2 S 2 AQ . 
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For A = we get 

+ (4.12) 



which to leading order is just the Minkowski result a'E 2 = 2(25). For A = 1 
we get 

£^ -^(l + 2 3/2 W,S) (4.13) 
Ha 



and for A >> 1 



,5 ss -T^U + 2ff 2 c/S) (4.14) 
Ha 



For long strings (say Htq » 1) we get 

E/H . 2S „ «±Z p (4 . 15) 

# 2 a' 2H 2 a'^2H 2 r 2 + A 2 

Now we have to distinguish between different cases. If ifr >> A we get 
from (J4~%|) 

s » + (4 , 6) 



such that 

#r sd (v^tfVS) 1 / 3 r (4-17) 

V 7 12{V2H 2 a'Sy/ 3 

which when inserted into (|4.15jl gives 

F/H 2 „ J(V2H 2 a>S)^ AA 2 -1 

Zb ~ 2 V 2 H 2 a> + 2V 2 H 2 a'(V2H 2 a'S)^ 1 J 

This result is valid for H 2 a'S » {1, A 3 }, and therefore holds in particular 
for A = and A — 1. Notice also that the pulsation only gives a contribution 
to the non-leading terms, in this limit. On the other hand, if Hr << A we 
get from Eq. (|4.8|) 

S « ^ifi + Io^) (4.19) 



2a' V A 2 
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such that 



tt2 2 2H 2 Sa' AS 2 a' 2 H A 

H r ° ~ M~ (420) 

and insertion into (|4.15jl gives 

^-«^ + | (4.21) 

which holds for 1 << H 2 a'S « A 3 . Thus, in this limit, the pulsation 
completely changes the scaling relation. 

All our results reduce for A = to those obtained in but otherwise 
they are quite different. It is straightforward also to generalise the multi 
R-charge solutions of [T7j to include pulsation in AdS 5 , but we shall not go 
into the details here. 



5 Concluding Remarks 

In conclusion, we have found several new relatively simple families of string 
solitons in AdS§ x S 5 . They generalise some of the previously known solitons 
in the sense that they combine spin and pulsation in a non-trivial way. For 
each family, we analysed in detail the scaling relations between energy and 
angular momentum. The scaling relations reduce in a certain limit (A = 0) 
to previously known relations, but are otherwise quite different. 

It would be interesting to find the Yang-Mills operators corresponding to 
the spinning pulsating strings constructed here. It seems, however, to be a 
highly non-trivial problem due to the coupling between spin and pulsation. 
The Yang- Mills operators for spinning strings were given in [3] , and those for 
pulsating strings were suggested in JU], but it is not clear how to combine 
them. 

Another direction which could be interesting to pursue, is to consider 
linearised perturbations around these solutions. Classically, this could re- 
veal how the pulsation affects the stability properties of spinning strings, a 
question which could be important especially for the multi spin solutions of 
17J. At the quantum level, the perturbations could give a contribution to 
the scaling relations, similarly to the results obtained in E] . 

These problems are currently under investigation. 
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